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Abstract 
We prove that there is no local characterization of the class of objects S of iZ3 which sep- 
arate Z3 in two 6-connected components and such that any point of S is 6-adjacent to both 
6-components of Z3\S. 
0. Introduction 
In Z*, it is proved [4] that for any subset S of a 2D digital picture, S is a 
simple closed 4-curve (i.e. a connected subset C of Z2 in which each point is 4- 
adjacent to exactly two points of C) if and only if 3 (the complement of S) has 
exactly two g-connected components and any point of S is g-adjacent to both 8- 
components of 3. Observe that the class of simple closed 4-curves admits a local 
definition. The purpose of this paper is to investigate the analogous problem in 30 : 
Can we find a local definition of surfaces which are characterized by natural global 
properties. 
Now, let x be the class of 26-connected subsets S of .Z3 which separate Z3 in 
exactly two 6-connected components (S is a separating subset of Z3) and such 
that any point of S is 6-adjacent to both 6-connected components of ?? (S is 
thin). 
In [l], the author proposes a local definition of surfaces of Z3, which generalizes 
the notion of Morgenthaler’s (26,6)-surfaces [2], and proves that these surfaces are all 
elements of x. 
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In the present paper, we prove that there is no local characterization of the elements 
of x. 
1. Basic definitions and notations 
We define a distance d, on Z3 by: for two points P(a, b,c) and P’(a’, b’,c’) of 
z3, 
d,(P,P’) = max(la - a’l, (b - b’l, Ic - ~‘1). 
We also denote by B(P,n) the ball of radius n centered at P for the distance d,. 
The points P and P’ are said to be 26-adjacent if and only if d,(P, P’) = 1. Besides, 
the points P and P’ are said to be l&adjacent if and only if they are 26-adjacent and 
have one of their coordinates in common; the points P and P’ are said to be 6-adjacent 
if and only if they are 26-adjacent and have two of their coordinates in common. 
For k E {6,18,26} and P a point of Z3, we denote by N,(P) the set of all points 
which are k-adjacent to P. For k E { 6,18,26}, a k-connected component of a subset 
A of .Z3 is a connected component in the subgraph induced by A in the graph of B3 
provided with the k-adjacency relation. A subset A of Z3 is said to be k-connected if 
it has exactly one k-connected component. 
Definition 1. A subset S of Z3 is said to be separating if S has exactly two 6-connected 
components. 
Definition 2. A separating subset S of Z3 is said to be thin if any point P of S is 
6-adjacent to both connected components of 3. 
We must now formalize what we call a local characterization of a class of objects 
of 2s : 
Definition 3. Let n E N. A local property of order n on subsets of Z3 is a property 
which holds only for some subsets of any cube B(P, n) (the centre of the cube excepted) 
where P ranges in all Z3. 
Definition 4. Let x be a class of connected subsets of Z3. We say that x admits a 
local characterization if there exists n E N and a local property II of order n such 
that a connected subset S of Z3 is in x if and only if for any point P of S the property 
l7(B(P,n) n S) is true. 
Notations. In the sequel, x will denote the class of connected separating and thin 
subsets of Z’, x’ will denote the class of objects S of x such that for any point P of S 
the set NORRIS is 26-connected. Finally, x” will denote the class of the objects S of 
x’ such that for any point P of S the point P is 6-adjacent to exactly two 6-connected 
components of the set Nzb(P) f-13. 
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2. Main results 
Theorem 5. The class x does not admit a local characterization. 
Proof. We prove that x does not admit a local characterization of order 1, the proof 
in the general case is the same except that we have to consider larger objects. 
The principle of the proof is the following : 
By redictio ad absurdurn, we assume that there exists a local characterization of 
order 1 of x. So, let I7 be a local property such that a connected subset S of 
Z3 is in x if and only if for any point P of S the property II(&(P) n S) is 
true. 
We exhibit an object 01 which is not in x and such that for any point P of 01 there 
exists an element S of x with A&(P) n S = NZ6(P) f- 0,. Since II(N&P) n S) is true, 
II(&(P) n 0,) is also true, and since P 
we obtain a contradiction. 
Now we define the object 01 (Fig. l), 
is arbitrary, the object 01 must be in 1 and 
which is a union of portions of planes: 
i! 
A Y 
X 
Fig. 1. The object 01. 
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A point P = (a, b,c) E Z3 blongs to the object 01 if and only if it satisfies the 
following condition: 
(b # {O,l} and b < 5 and b > -5 and c = 2 and a E {-1,O)) or 
(b $2 {O,l} and b < 5 and b > -5 and c = -1 and a E {-1,O)) or 
(b 6 {O,l} and b < 5 and b > -5 and a = 1 and c E {O,l}) or 
(b $?i {O,l} and b < 5 and b > -5 and a = -2 and c E {O,l}) or 
(b E {5,0,1,-5) and a E {-l,O} and c E {O,l}) 
One can easily check that the complement of 0, has exactly 3 connected components, 
so that 01 is not in the class x. There remains to prove that for any point P E 01 
there exists an object S of x with l&(P) n S = 7$.6(P) n 01. 
Let Si be the intersection of 01 with the half-space {b 2 0) (see Fig. 2). 
It is easy to check that Si is an element of the class x, and of course that for any 
point P = (a, b, c) with b > 1, we have &,6(P) n & = h&(P) flO1. Therefore, for any 
point P = (a, b, c) with b > 1 of 01 the property IZ(&(P) n 01) is true. 
Similarly, for any point P = (a, b, c) with b < 0 of 01 the property II(&(P) fl01) 
is true, and there remains to prove this property for points P = (a, b,c) with b E 
(0, 1) of 01 to obtain our contradiction. For this purpose, we define a new object 
& (see Fig. 3) of x as the set of points (a, b,c) E Z3 which satisfy the following 
property: 
(b E {O,l} and a E {-LO} and c E {O,l}) or 
(b $L (0, 1) and b < 7 and b > -7 and c = 2 and a E {-1,O)) or 
(b # {O,l} and b < 7 and b > -7 and c = -1 and a E {-1,O)) or 
(b~{0,1}andb<5andb>-5andu=1andcE{O,1})or 
(b $2 {O,l} and b < 7 and b > -7 and a = -2 and c E {O,l}) or 
(b = 4 and a > 1 and a < 6 and c E {O,l}) or 
Fig. 2. The object S1 
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Fig. 3. The object S2. 
(b=7anda>-2andu<8andc~{O,l})or 
(c = -1 and a > 0 and a < 8 and b E ($6)) or 
(c = 2 and a > 0 and a < 8 and b E ($6)) or 
(b=-4andu> landu<6andc~{O,l})or 
(b = -7 and a > -2 and a < 8 and c E (0, l}) or 
(c = -1 and a > 0 and a < 8 and b E (-5, -6)) or 
(c = 2 and a > 0 and a < 8 and b E (-5, -6)) or 
(a = 5 and b > -4 and b < 4 and c E {O,l}) or 
(a = 8 and b > -7 and b < 7 and c E (0, 1)) or 
(c = -1 and b > -5 and b < 5 and a E {6,7}) or 
(c = 2 and b > -5 and b < 5 and a E {6,7}) 
It is easy to check that S, is an element of the class x, and of course that for any 
point P = (a, b,c) with b E (0, l}, we have A&(P) fl S, = J&(P) n Oi.Therefore, the 
property 17(N26(P) n 0,) is also true in Or for b E (0, 1). 0 
Theorem 6. The class XI and the class x” both do not admit a local characterization. 
Proof. The proof is exactly the same as the one of Theorem 5. [? 
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3. Conclusion 
The results presented here show that the problem of giving a definite local definition 
of the surfaces of .Z3 is very difficult. There remains to give some additional global 
properties which are very natural for surfaces in such a way that we obtain a class of 
objects which can be locally characterized. 
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